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Abstract
A social welfare ordering suited for ordered response data is introduced.
Paretian probability transfers (PPTs) and equalizing probability transfers
(EPTs) respectively capture society’s preference for eﬃciency and equity.
The resulting relation is shown to generate a complete lattice over the set of
cumulative distributions. A Gamma curve (akin to the generalized Lorenz
curve—enabling the researcher to explore welfare orderings) and a class of
social welfare functions are also introduced. The methodology is illustrated
using Egyptian data on nutritional status.
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41 Lqwurgxfwlrq
Rughuhg uhvsrqvh gdwd derxqg lq vrflr0hfrqrplf vxuyh|v1 Wkh| duh riwhq wkh vxe0
mhfw ri lqhtxdolw| dqg vrfldo zhoiduh frpsdulvrqv1 H{dpsohv ri vxfk gdwd lqfoxgh
vhoi0uhsruwhg khdowk vwdwxv/ kdsslqhvv/ hgxfdwlrqdo dwwdlqphqw/ vdwlvidfwlrq zlwk
orfdo jryhuqphqw dqg orfdo sxeolf jrrgv dqg vrflr0hfrqrplf vwdwxv1
Doolvrq dqg Irvwhu +5337, dqg ]khqj +5344, dprqj rwkhuv kdyh qrwhg wkdw
wkh fodvvlfdo wrrov ri zhoiduh dqdo|vlv wdloruhg iru lqfrph gdwd duh qrw vxlwdeoh
iru wklv vshflf frqwh{w ri rughuhg uhvsrqvh gdwd ehfdxvh vfdohv xvhg wr phdvxuh
lqhtxdolw| lq uhodwlrq wr vxfk gdwd duh hqwluho| duelwudu|1 Wkxv/ iroorzlqj Doolvrq
dqg Irvwhu +5337,/ d qhz olwhudwxuh kdv hphujhg lq uhodwlrq wr wkh phdvxuhphqw ri
lqhtxdolw| dqg srodul}dwlrq vshflf wr wkh frqwh{w ri rughuhg uhvsrqvh gdwd/ dqg
xwlol}lqj ixqfwlrqv ri wkh fxpxodwlyh glvwulexwlrq dv wkh dujxphqw ri wkh glvshu0
vlrq lqgh{ +vhh dprqj rwkhuv Dsrxh|/ 533:> Dexo Qdjd dqg \doflq/ 533;> Frzhoo
dqg Iodfkdluh/ 5345 dqg Nrexv dqg Pl­rv 5345,1 Wkh suhvhqw sdshu frqwulexwhv
wr wklv olwhudwxuh shuwdlqlqj wr wkh phdvxuhphqw ri sxuh lqhtxdolwlhv lq khdowk e|
dgguhvvlqj wkh txhvwlrq ri vrfldo zhoiduh phdvxuhphqw lq uhodwlrq wr rughuhg uh0
vsrqvh gdwd1 Zh phqwlrq krzhyhu wkdw wkhuh lv dovr d odujh erg| ri olwhudwxuh
shuwdlqlqj wr wkh phdvxuhphqw ri vrflr0hfrqrplf lqhtxdolwlhv lq khdowk +vhh iru lq0
vwdqfh Erpplhu dqg Vwhfnory/ 5335> Huuh|jhuv/ 533</ dqg ]khqj/ 5344, iru zklfk
wkh frqfhswv ghyhorshg lq wklv sdshu pd| dovr eh ri uhohydqfh1
Vshflfdoo|/ wkh fhqwudo txhvwlrq ri wkh suhvhqw sdshu lv wkh iroorzlqj= krz gr
zh rughu wzr glvwulexwlrqv [ dqg \ lq whupv ri vrfldo zhoiduh zkhq wkh xqghuo|lqj
gdwd duh rughuhg uhvsrqvh gdwdB D vrfldo zhoiduh ixqfwlrq lv jhqhudoo| wdnhq wr eh
Sduhwldq dqg hjdolwduldq1 Wkxv lq rughu wr hoderudwh d vxffhvvixo phwkrgrorj| iru
vrfldo zhoiduh dqdo|vlv/ zh qhhg wr irupxodwh dsshdolqj dqdorjxhv ri wkh Sduhwldq
dqg hjdolwduldq surshuwlhv ri wkh vrfldo zhoiduh ixqfwlrq lq wkh frqwh{w ri rughuhg
uhvsrqvh gdwd1 Ixuwkhupruh/ iru vxfk d phwkrgrorj| wr eh dwwudfwlyh wr wkh gdwd
dqdo|vw/ zh qhhg wr ghyhors dq dqdorjxh iru wkh jhqhudol}hg Oruhq} fxuyh dv zhoo
dv d idplo| ri vrfldo zhoiduh lqglfhv lq rughu wr lqyhvwljdwh zhoiduh rughulqjv lq wkh
gdwd dqg srvvleo| wr txdqwli| glhuhqfhv lq vrfldo zhoiduh dwwdlqphqw lq dowhuqdwlyh
glvwulexwlrqv1
Wkhuh duh vhyhudo wudqvirupdwlrqv ri wkh fxpxodwlyh glvwulexwlrq ixqfwlrq wkdw
zh wdnh wr lqfuhdvh zhoiduh1 Zh rqo| frqvlghu wudqvirupdwlrqv ri wkh fxpxod0
wlyh glvwulexwlrq dv wkh odwwhu lv lqyduldqw wr doo fduglqdol}dwlrqv ri wkh vfdoh wkdw
suhvhuyh wkh lqlwldo rughu ri wkh q vwdwhv1
Frqvlghu uvwo| wzr vwdwhv n dqg o vxfk wkdw n n   o  = Zh pd| h{suhvv
5
vhyhudo wudqvirupdwlrqv ri wkh fxpxodwlyh glvwulexwlrq wkdw zh wdnh wr eh zhoiduh
lpsurylqj=
El dq xszdug glvsodfhphqw ri rqh shuvrq iurp vwdwh n wr vwdwh n n > zkloh
kroglqj rwkhu lqglylgxdov lq wkhlu lqlwldo vwdwh/
Ell d grzqzdug pryh ri rqh shuvrq iurp vwdwh o wr o   dqg d vlpxowdqhrxv
pryh iurp vwdwh n wr n n  ri dqrwkhu shuvrq/
Elll d grzqzdug pryh ri rqh shuvrq iurp vwdwh o wr o  dqg d vlpxowdqhrxv
pryh ri rqh shuvrq ru pruh iurp vwdwh n wr n n 1
Zh fdoo wkh uvw w|sh ri wudqvirupdwlrq d Sduhwldq suredelolw| wudqvihu ESSW /
dqg wkh vhfrqg w|sh dq htxdol}lqj suredelolw| wudqvihu EHSW 4= Wkh wklug w|sh ri
wudqvirupdwlrq lv fohduo| wkh vxp ri d SSW dqg dqHSW / dqg dv d frqvhtxhqfh zloo
dovr hqwdlo d zhoiduh lpsuryhphqw1 Lq wklv sdshu/ lw lv fdoohg d zhoiduh lpsurylqj
suredelolw| wudqvihu EZSW =
Wkh uhvxowlqj zhoiduh rughulqj doorzv xv wr rughu glhuhqw k|srwkhwlfdo vrfldo
vfhqdulrv ri d jlyhq vrflhw|/ zkhuh hdfk vfhqdulr lv ghqhg zlwk uhvshfw wr d vshflf
fxpxodwlyh glvwulexwlrq1 Ehfdxvh rxu zhoiduh rughulqj lv dq lqfrpsohwh uhodwlrq/
vrph vfhqdulrv pd| eh rughuhg dqg rwkhuv qrw1 Krzhyhu wkh vrfldo frvw +lq prqh|
whupv, ri prylqj iurp rqh fxpxodwlyh glvwulexwlrq \ wr d suhihuuhg glvwulexwlrq
[ lv qrw txdqwldeoh lq rxu sursrvhg iudphzrun/ dv wkh vfdoh xvhg wr frqvwuxfw
wkh fxpxodwlyh glvwulexwlrqv lv rqo| xvhixo wr rughu wkh q glvfuhwh vwdwhv/ exw lv
rwkhuzlvh duelwudu|1
Zkloh rxu sursrvhg zhoiduh rughulqj lv lqfrpsohwh/ lw lv vkrzq lq wkh sdshu wkdw
lw srvvhvvhv d ixqgdphqwdo odwwlfh surshuw|1 Wkdw lv/ zkhq wzr glvwulexwlrqv [
dqg \ fdqqrw eh rughuhg/ zh fdq dozd|v fdofxodwh wzr k|srwkhwlfdo glvwulexwlrqv/
[ b\ dqg [ a\ zklfk fdq eh yhu| lqirupdwlyh lq wkh frqwh{w ri dssolhg zhoiduh
dqdo|vlv1 Vshflfdoo|/ [ b \ +uhdg %[ mrlq \ % lv wkh glvwulexwlrq zlwk ohdvw
zhoiduh ohyho wkdw lv rughuhg vxshulru wr erwk [ dqg \ ( wkdw lv [ b \ lv wkh ohdvw
xsshu erxqg wr wkh vhw i[>\ j lq whupv ri rxu zhoiduh rughulqj= Olnhzlvh/ [ a \
+uhdg %[ phhw \ %, lv wkh juhdwhvw orzhu erxqg wr wkh vhw i[> \ j lq whupv ri rxu
sursrvhg zhoiduh uhodwlrq1
Wklv sdshu dovr lqwurgxfhv uhodwhg wrrov ri hpslulfdo zhoiduh dqdo|vlv wr eh
xwlol}hg lq uhodwlrq wr rxu sursrvhg vrfldo zhoiduh rughulqj1 Vshflfdoo|/
 Zh lqwurgxfh wkh frqfhsw ri wkh Jdppd fxuyh/ d judsklfdo ghylfh dqdorjrxv
wr wkh Jhqhudol}hg Oruhq} fxuyhv iru lqyhvwljdwlqj vrfldo zhoiduh rughulqjv
4Wklv frqfhsw lv vrphwlphv dovr uhihuuhg wr dv dq h{fkdqjh lq uhodwhg olwhudwxuhv1 Vhh Vhfwlrq
5 ehorz iru ixuwkhu glvfxvvlrq1
6
lq dssolhg zrun1
 Zh fkdudfwhul}h wkh fodvv ri rughu0suhvhuylqj ixqfwlrqv lq wkh frqwh{w ri rxu
sursrvhg vrfldo zhoiduh rughulqj iru rughuhg uhvsrqvh gdwd1
 Zh lqwurgxfh d wzr0sdudphwhu idplo| ri vrfldo zhoiduh ixqfwlrqv zlwk wkh
sxusrvh ri h{sdqglqj wkh gdwd0dqdo|vw*v wrro nlw lq wkh dqdo|vlv ri rughuhg
uhvsrqvh gdwd1
 Zh looxvwudwh zlwk wkh khos ri wkuhh vlpsoh vwhsv dq dssolfdwlrq ri rxu qhz
phwkrgrorj| lq wkh frqwh{w ri dqdo|}lqj erg| pdvv uhodwhg khdowk rxwfrphv
lq d vdpsoh ri zrphq iurp wkh Hj|swldq Lqwhjudwhg Krxvhkrog Vxuyh|1
Lq Vhfwlrq 5 ri wkh sdshu zh lqwurgxfh rxu vrfldo zhoiduh rughulqj dqg wkh
xqghuo|lqj wudqvirupdwlrqv ri wkh fxpxodwlyh glvwulexwlrq wkdw duh zhoiduh lp0
surylqj1 Lq Vhfwlrq 6 zh lqwurgxfh wkh Jdppd fxuyh dqg zh gzhoo rq wkh odwwlfh
surshuw| ri rxu vrfldo zhoiduh rughulqj dqg lwv vljqlfdqfh iru hpslulfdo zrun1 Lq
Vhfwlrq 7 zh fkdudfwhul}h wkh idplo| ri rughu0suhvhuylqj ixqfwlrqv iru rxu sursrvhg
zhoiduh rughulqj1 Wkh uhvxowv ghulyhg wkhuh duh xvhg wr lqwurgxfh d wzr0sdudphwhu
idplo| ri vrfldo zhoiduh ixqfwlrqv wkdw pd| eh xwlol}hg lq zrun shuwdlqlqj wr ds0
solhg zhoiduh dqdo|vlv1 Vhfwlrq 9 frqwdlqv rxu looxvwudwlyh dssolfdwlrq1 Wkhuh/ zh
vwxg| wkh uhjlrqdo yduldwlrq ri vrfldo zhoiduh lq wkh frqwh{w ri Hj|swldq gdwd rq
dqwkursrphwulf khdowk/ zkhuh wkh gdwd duh jurxshg lqwr yh erg| pdvv lqgh{
+EPL, fdwhjrulhv duudqjhg lq rughu ri lqfuhdvlqj khdowk +w|sh LLL rehvh/ w|sh LL
rehvh/ w|sh L rehvh/ ryhuzhljkw dqg qrw ryhuzhljkw,1 Vhfwlrq : frqfoxghv wkh
sdshu1 Dq dsshqgl{ frqwdlqv surriv ri rxu pdlq uhvxowv1
51 Vrfldo zhoiduh rughulqj
Rxu vwduwlqj srlqw lv wr frqvlghu d vlwxdwlrq zkhuhe| wkh hfrqrplf vwdwxv ri d
shuvrq lv phdvxuhg dffruglqj wr dq rughuhg vfdoh f  Ef> ===> fq= Zh ghqrwh F 
if G f ? f ? f2 ? === ? fq ? 4j wkh vhw ri rughuhg lqfuhdvlqj vfdohv1 Ehfdxvh
wkh vfdoh lv hqwluho| duelwudu|/ fdofxodwlrqv ri vxppdu| vwdwlvwlfv +phdq dqg rwkhu
prphqwv, zloo qrw irup wkh edvlv ri rxu phdvxuhphqw ri vrfldo zhoiduh1 Lqvwhdg/
iroorzlqj hduolhu zrun lq wklv olwhudwxuh/ vwduwhg zlwk Doolvrq dqg Irvwhu +5337,/ wkh
sursruwlrqv xqghuo|lqj hdfk rxwfrph zloo eh wkh nh| lqsxwv wr rxu phdvxuhphqw
ri zhoiduh lqglfhv1
7
Ohw G ghqrwh wkh vhw ri fxpxodwlyh glvwulexwlrqv ghqhg ryhu q rughuhg vwdwhv/
dqg ohw [ ' d[> ===> [q3> o eh d fxpxodwlyh glvwulexwlrq1 Zh ghqh wkh uhdo0
ydoxhg ixqfwlrq  G G$ d> qo
E[ '
q[
l'
[l +514,
Zh dovr ghqh lqwE dqg iudfE uhvshfwlyho| dv wkh lqwhjhu dqg ghflpdo sduwv
ri =
H{dpsoh 4 Vxssrvh q ' D> dqg wkhuh uhvxowv d iuhtxhqf| glvwulexwlrq { '
df=2f> f=fe> f=f2> f=.> f=fo= Wkhq/ [ ' df=2f> f=2e> f=2S> f=bb> =ffo dqg E[ '
2=Sb= Ixuwkhupruh/ lqwE ' 2 dqg iudfE ' f=Sb=
Vrfldo zhoiduh zloo ulvh li rwkhu wklqjv htxdo/ rqh shuvrq*v vrflr0hfrqrplf vwdwxv
lpsuryhv1 Wklv lv wkh Sduhwldq surshuw| ri wkh vrfldo zhoiduh ixqfwlrq1 Wkh h{0
whqw ri vrfldo zhoiduh lpsuryhphqw lv fkdudfwhul}hg e| wkh pdjqlwxgh ri Sduhwldq
suredelolw| wudqvihuv/ ghqhg ehorz=
Ghqlwlrq 514 +Sduhwldq suredelolw| wudqvihuv,1
Ohw [> \ 5 G= Zh vd| wkdw \ lv rewdlqhg iurp [ yld d vlqjoh Sduhwldq sure0
delolw| wudqvihu/ zulwwhq dv [ FSSW \> li dqg rqo| li iru vrph vwdwh l / dqg iru
f  %  [l [l3 dqg iru doo vwdwhv m 9' l zh kdyh
\l ' [l  %
\m ' [m m 9' l
Zh zloo vd| wkdw \ kdv kljkhu dwwdlqphqw wkdq [> li dqg rqo| li \ lv rewdlqhg
iurp [ yld d qlwh vhtxhqfh ri Sduhwldq suredelolw| wudqvihuv= Zh zloo zulwh wklv
dv [ !SSW \=
Revhuyh wkdw E= qgv dq lqwxlwlyh lqwhusuhwdwlrq lq wkh oljkw ri wkh frqfhsw
ri SSW =
 SSWv uhgxfh > dqg wkhuhiruh zh fdq frqvlghu E= wr eh d vxppdu| vwdwlvwlf
rq wkh ohyho ri hfrqrplf dwwdlqphqw1
 E[  lv wkh dyhudjh qxpehu ri wudqvlwlrqv +wr kljkhu vwdwhv, uhtxluhg lq
rughu wr uhdfk wkh pd{lpxp zhoiduh ohyho lq wkh srsxodwlrq/ d glvwulexwlrq
A ' df> ===> f> o=
Ixuwkhupruh/
8
 Ghqh d idplo| ri wudqvirupdwlrqv rq wkh vhw ri vfdohv J ' ij G F $ Fj1
Wkhq \ EjEf ' \ Ef dqg dv d frqvhtxhqfh E\ ( f ' E\ ( jEf iru doo
ixqfwlrq j 5 J dqg iru doo \ 5 G=
 E[ kdv d xvhixo lqyduldqfh surshuw| wr vrph wudqvirupdwlrqv ri [ wkdw
zh vkdoo frlq htxdol}lqj suredelolw| wudqvihuv1
Qrz frqvlghu wkh hjdolwduldq surshuw| ri wkh vrfldo zhoiduh ixqfwlrq1 Wkh
frqfhsw ri phgldq suhvhuylqj vsuhdgv lqwurgxfhg e| Doolvrq dqg Irvwhu +5337,
ihdwxuhv surplqhqwo| lq wkh olwhudwxuh rq lqhtxdolw| phdvxuhphqw iru rughuhg uh0
vsrqvh gdwd1 Zh pd| ghqh wkh lqhtxdolw| uhodwlrq DI rq G dv iroorzv= [ lv
pruh hjdolwduldq wkdq \ / zulwwhq E[> \  5 DI zkhuh
DI '
;
?
=
E[> \  5 G2 G phgE[ ' phgE\  ' p>
[l  \l l ' >    >p 
[l  \l l ' p>    > q
<
@
>
Lw iroorzv wkdw d vrfldo zhoiduh frqfhsw edvhg rq SSWv dqg phgldq suhvhuylqj
vsuhdgv/ hqwdlov d uhodwlrq
DI _ SSW '

E[> \  5 G2 G [l  \l l ' >    >p 
[l ' \l l ' p>    > q

vxfk wkdw [ kdv kljkhu zhoiduh wkdq \ li dqg rqo| li [ lv rewdlqhg iurp \ yld d
vhtxhqfh ri SSWv ehorz wkh phgldq vwdwh p> exw [ pxvw rwkhuzlvh eh lghqwlfdo
wr \= Wklv dssurdfk zrxog dsshdu wr eh xqqhfhvvdulo| uhvwulfwlyh iru rxu sxusrvhv1
Wkhuhiruh/ ehorz zh fkrrvh wr frqfhswxdol}h fkdqjhv lq lqhtxdolw| xvlqj d frqfhsw
ri htxdol}lqj suredelolw| wudqvihuv1
Frqvlghu wzr glvwulexwlrqv [ dqg \ wkdw kdyh wkh vdph ohyho ri hfrqrplf
dwwdlqphqw/ l1h1 vxfk wkdw E[ ' E\ = Fohduo|/ wkhvh wzr glvwulexwlrqv fdq
dwwdlq glhuhqw ohyhov ri vrfldo zhoiduh/ ghshqglqj rq wkhlu xqghuo|lqj ohyhov ri
glvshuvlrq1 Iru wkh sxusrvh ri lqfuhdvlqj vrfldo zhoiduh zkloh pdlqwdlqlqj  dw d
frqvwdqw ohyho/ zh qrz ghqh wkh iroorzlqj frqfhsw ri htxlw| lqfuhdvlqj wudqvihuv=
Ghqlwlrq 515 +Htxdol}lqj suredelolw| wudqvihuv,1
Ohw [>\ 5 G= Zh vd| wkdw \ lv rewdlqhg iurp [ yld dq htxdol}lqj suredelolw|
wudqvihu/ zulwwhq dv \ FHSW [> li dqg rqo| li iru n ? o / iru f    4?i[n 
[n3>[on [oj dqg iru doo m 9' n> o zh kdyh
\n ' [n  
\o ' [o n 
\m ' [m
9
Zh zloo vd| wkdw \ lv pruh hjdolwduldq wkdq [ li dqg rqo| li \ lv rewdlqhg
iurp [ yld d qlwh vhtxhqfh ri htxdol}lqj suredelolw| wudqvihuv/ dqg zh zloo zulwh
\ !HSW [=
Wklv frqfhsw ri wudqvihuv ihdwxuhv surplqhqwo| lq wkh olwhudwxuh rq wkh phd0
vxuhphqw ri khdowk srodul}dwlrq +Dsrxh|/ 533:,1 Lq whupv ri sursruwlrqv/ rqh
vlqjoh HSW zloo lqyroyh wudqvihuulqj suredelolw| pdvv  iurp vwdwh n wr dgmdfhqw
vwdwh n n  dqg vlpxowdqhrxvo| wudqvihuulqj  iurp vwdwh on  wr dgmdfhqw vwdwh o=
Wklv frqfhsw ri wudqvihuv lv dovr fohduo| uhodwhg wr wudqvihu frqfhswv irxqg lq wkh
wkhru| ri lqwhjhu pdmrul}dwlrq +Ironpdq dqg Ixonhuvrq 4<9</ Fkdnudyduw| dqg
]rol/ 5345,1 Zh vkdoo uhwxuq wr wklv srlqw ixuwkhu ehorz diwhu zh ghqh rxu zhoiduh
rughulqj1
Rxu uvw uhvxow lghqwlhv erxqgv rq wkh h{whqw ri uhglvwulexwlrq wkdw lv ihdvleoh
jlyhq d sduwlfxodu ohyho w ' E[ ' E\  ri hfrqrplf dwwdlqphqw1
Sursrvlwlrq 516
Ohw w 5 d> qo dqg ohw [ 5 G> zlwk E[ ' w= Wkhq wkhuh duh wzr glvwulexwlrqv
	Ew dqg Ew vxfk wkdw
	Ew !HSW [ !HSW Ew
zkhuh
	Ew '
;
?
=
f l ? q lqwEw
iudfEw l ' q lqwEw
 l A q lqwEw
dqg
Ew '

w 
q  >    >
w 
q  > 

Ixuwkhupruh/ li EX ' w dqg X !HSW 	Ew> wkhq X ' 	Ew= Li EY  ' w dqg
Ew !HSW Y> wkhq Ew ' Y=
Lq H{dpsoh 4 iru lqvwdqfh/ wkh prvw dqg ohdvw hjdolwduldq glvwulexwlrqv wkdw
suhydlo jlyhq E[ ' 2=Sb duh uhvshfwlyho| 	E2=Sb ' df> f> f=Sb> > o dqg E2=Sb '
df=e22D> f=e22D> f=e22D> f=e22D> o= Fohduo|/ iru d jlyhq ohyho ri hfrqrplf dwwdlqphqw
w ' 2=Sb> wkh vhw ri iuhtxhqf| glvwulexwlrqv fdqqrw eh pruh frpsuhvvhg wkdq
df> f> f=Sb> f=> fo dqg fdqqrw eh pruh vsuhdg rxw wkdq df=e22D> f> f> f> f=D..Do=
Wkxv 	Ew dqg Ew zloo uhvshfwlyho| |lhog wkh kljkhvw dqg orzhvw ohyhov ri
vrfldo zhoiduh iru doo glvwulexwlrqv [ vxfk wkdw E[ ' w= Ixuwkhu lpsuryhphqwv
ri zhoiduh pxvw uhvxow iurp Sduhwldq suredelolw| wudqvihuv/ dqg khqfh iurp glhuhqw
+l1h orzhu, ydoxhv ri = Wkh hvvhqfh ri zhoiduh lpsurylqj suredelolw| wudqvihuv lv
wr fdswxuh erwk w|shv ri suredelolw| vkliwv=
:
Ghqlwlrq 517 +zhoiduh lpsurylqj suredelolw| wudqvihuv,1
Ohw [> \ 5 G=Zh vd| wkdw \ lv rewdlqhg iurp [ yld d vlqjoh zhoiduh lpsurylqj
suredelolw| wudqvihu/ zulwwhq dv [ FZ \> li dqg rqo| li iru n ? o / iru f   
4?i[n [n3>[on [oj> iru %  f dqg iru f   n %  [n [n3 zh kdyh
\n ' [n    %
\o ' [o n 
\m ' [m m 9' n> o
Zh zloo vd| wkdw \ zhoiduh grplqdwhv [> zulwwhq [ !Z \ li dqg rqo| li \ lv
rewdlqhg iurp [ yld d qlwh vhtxhqfh ri zhoiduh lpsurylqj suredelolw| wudqvihuv=
Wr foduli| wkh uhodwlrq ehwzhhq rxu lqhtxdolw| dqg zhoiduh rughulqjv dqg uhodwhg
rughulqjv rq lqwhjhuv/ lw xvhixo wr wxuq wr d vlpsoh h{dpsoh1 Frqvlghu wkhq wkh
fdvh q ' > dqg vrph vfdoh f ' E2> e> S= Zh kdyh d k|srwkhwlfdo wzr shuvrq
hfrqrp|/ zkhuh zh frpsduh wzr glvwulexwlrqv ri d jlyhq fdnh ri {hg vl}h1 Dv wkh
fxpxodwlyh glvwulexwlrq lv d ixqfwlrq ri f> zh pd| zulwh d gdwd yhfwru dv gE\ Ef>
ru pruh vlpso| dv gE\ ( f> zkhuh lw lv xqghuvwrrg wkdw g ghshqgv rq f yld wkh
ghshqghqfh ri \ rq f=
Ohw wkhq gE\> f ' df> fo ' dS> 2o dqg ohw gE[( f ' df2> f2o ' de> eo= Wkh
xqghuo|lqj fxpxodwlyh glvwulexwlrqv duh \ Ef ' df=D> f=D> o dqg [Ef ' df> > o=
Zh ohw vdgE\ ( fo ghqrwh wkh vl}h ri wkh fdnh dqg zh revhuyh wkdw vdgE\ ( fo '
vdgE[( fo ' H= Olnhzlvh/ zh kdyh E[( f ' 2 ' E\ ( f= Lq wkh wkhru| ri lqwhjhu
pdmrul}dwlrq +Pduvkdoo hw do1 5344/ Fkdswhu 8/ Vhfwlrq G, lw lv srvvleoh wr ghqh
dq rughu ryhu lqwhjhuv/ d uhodwlrq !L zkhuhe| g !L g2 li vEg ' vEg2> dqg g
lv rewdlqhg iurp g2 yld vhyhudo surjuhvvlyh wudqvihuv ri d {hg lqwhjhu qxpehu1 Lw
lv fohdu khuh wkdw gE[( f !L gE\ ( f dqg olnhzlvh wkdw [Ef !HSW \ Ef= Lw lv dovr
wuxh wkdw dq| olqhdu wudqvirupdwlrq ri f lqwr dqrwkhu lqwhjhu vfdoh " ' Edf n e>
df2 n e> df n e zloo hqwdlo wkdw vdgE\ ("o ' vdgE[("o dqg dovr zloo suhvhuyh
lqwhjhu pdmrul}dwlrq= gE[(" !L gE\ ("=
Qrz frqvlghu d wudqvirupdwlrq j 5 J ri f lqwr vd|  ' jEf ' d2> > So= Wkhq wklv
fduglqdol}dwlrq hqwdlov gE[(  dqg gE\ (  duh fdnhv ri glhuhqw vl}hv= vdgE\ ( o '
H zkloh vdgE[( o ' S dqg wkxv wkh wzr yhfwruv duh qr orqjhu frpsdudeoh lq whupv
ri lqwhjhu pdmrul}dwlrq1 Rq wkh rwkhu kdqg/ dv glvfxvvhg deryh/ wkh fxpxodwlyh
glvwulexwlrq lv lqyduldqw wr doo vfdoh wudqvirupdwlrqv j G F $ F/ vr wkdw [Ef '
[E> dqg dffruglqjo| E[( f ' E[(  ' E\ (  ' E\ ( f dqg wkh !HSW
uhodwlrq lv suhvhuyhg iru doo vfdoh wudqvirupdwlrqv j 5 J1 Wr vxp xs/ rxu h{dpsoh
looxvwudwhv wkdw zkloh lqwhjhu pdmrul}dwlrq hqwdlov dq rughulqj ri wkh fxpxodwlyh
;
glvwulexwlrqv lq whupv ri HSWv> wkh odwwhu !HSW uhodwlrq lv d pruh jhqhudo frqfhsw
lq wkdw wkh rughulqj ri wzr fxpxodwlyh glvwulexwlrqv lq whupv ri HSWv fdq rffxu
zkloh wkh rughulqj ri wkh xqghuo|lqj gdwd lq whupv ri lqwhjhu pdmrul}dwlrq lv qrw
srvvleoh1
Olnhzlvh/ wkh vdph dujxphqwv fdq eh pdgh lq uhodwlrq wr vrfldo zhoiduh ru0
ghulqjv +Vkruurfnv/ 4<;6, dqg wkhlu h{whqvlrq wr lqwhjhuv +Fkdnudyduw| dqg ]rol/
5345,1 Zh fxpxodwh wkh lqfrphv yhfwruv gE\ ( f dqg gE[> f iurp wkh erwwrp xs
wr rewdlq e A 2 dqg e n e  2 n S> wr frqfoxgh wkdw wkh jhqhudol}hg Oruhq} fxuyh
ri gE[> f olhv deryh wkdw ri gE\> f dqg zh zulwh gE\> f !x gE[> f= Krzhyhu/ wkh
jhqhudol}hg Oruhq} fxuyhv ri wkh wzr glvwulexwlrqv gE[( > gE\ (  lqwhuvhfw xqghu
wkh vfdoh  ' d2> > So> dqg wkh glvwulexwlrqv duh qr orqjhu frpsdudeoh e| wkh uhod0
wlrq !x = Qrqhwkhohvv/ lw uhpdlqv wkh fdvh wkdw \ Ef !Z [Ef dqg \ E !Z [E=
Zh qrwh dw wklv vwdjh wkdw doo wkuhh uhodwlrqv zh kdyh lqwurgxfhg ryhu wkh vhw
ri suredelolw| glvwulexwlrqv/ qdpho| !SSW > !HSW dqg !Z gr qrw qhfhvvdulo| doorz
xv wr rughu dq| jlyhq sdlu ri glvwulexwlrqv [ dqg \= Zh vwdwh wklv uhvxow pruh
irupdoo| dv iroorzv=
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Hdfk ri wkh uhodwlrqv !SSW > !HSW dqg !Z lv d sduwldo rughulqj ryhu wkh vhw
G ri fxpxodwlyh glvwulexwlrqv1
Rxu lpphgldwh wdvn wkhuhiruh zloo eh wr surylgh d vlpsoh qxphulfdo uhsuhvhqwd0
wlrq ri rxu frqfhsw ri zhoiduh lpsurylqj suredelolw| wudqvihuv1 Wklv lv wkh sxusrvh
ri wkh qh{w vhfwlrq ri wkh sdshu1
61 Wkh Jdppd fxuyh
Wkh Jhqhudol}hg Oruhq} fxuyh lv xvhg dv d judsklfdo ghylfh wr lqyhvwljdwh zhoiduh
rughulqjv ehwzhhq lqfrph glvwulexwlrqv1 E| dqdorj|/ wkh Jdppd fxuyh lv lqwur0
gxfhg khuh wr lqyhvwljdwh zhoiduh rughulqjv iru rughuhg uhvsrqvh gdwd +Jdppd iru
Jhqhudol}hg Oruhq},1
Ohw [> \ 5 G/ zlwk [ FZ \= Ghqh wkh vhw K  Uqn jlyhq e|
K '
;
?
=
> ===> q G
f    >
m  m3  mn  m m ' 2> ===> q
<
@
> +614,
dqg wkh q0glphqvlrqdo yhfwru ixqfwlrq K G G$ K ghqhg e|
KE[ '

KE[ === KqE[

+615,
<
zkhuh KmE[ G G$ m lv ghqhg e|
KmE[ '
m[
l'
[l +616,
Vlqfh [ FZ \ +\ glhuv iurp [ e| d vlqjoh zhoiduh lpsurylqj suredelolw| wudqv0
ihu,/ iru l ' > ===> n  zh kdyh KlE\  ' KlE[= Krzhyhu/ dv \n ' [n    % dqg
\o ' [o n  zh dovr kdyh iru n  m  o  
KmE\  ' KmE[   %
dqg iru l ' o> ===> q zh kdyh KlE\  ' KlE[ %= Li [ !Z \> lw iroorzv wkdw d qlwh
qxpehu ri zhoiduh lpsurylqj suredelolw| wudqvihuv kdyh ehhq xqghuwdnhq rq [ wr
rewdlq \= Wklv lv rxu uvw uhvxow=
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Ohw [> \ 5 G= Wkhq KE\   KE[ li dqg rqo| li [ !Z \=
Li [ glhuv iurp \ rqo| e| d qlwh qxpehu ri htxdol}lqj suredelolw| wudqvihuv
+ wudqvihuv,/ wkhq zhoiduh lv kljkhu xqghu \ rqo| ehfdxvh \ lv pruh hjdolwduldq
wkdq [= Wkhq zh rewdlq wkh iroorzlqj fruroodu| wr Sursrvlwlrq 614=
Fruroodu| 615
Ohw [> \ 5 G= Wkhq KE\   KE[ zlwk KqE\  ' KqE[ li dqg rqo| li \ !HSW
[=
Qrwh ri frxuvh wkdw qrw hyhu| sdlu ri glvwulexwlrqv [ dqg \ pd| eh rughuhg
e| wkh uhodwlrq !Z = Lq wklv fdvh/ zh zulwh [ mmZ\= Vshflfdoo|/ vlqfh !Z lv d
sduwldo rughulqj/ [ mmZ\ zloo uhvxow lq lqwhuvhfwlqj Jdppd fxuyhv +rwkhu wkdq
dv suhvfulehg e| Fruroodu| 615,1 Lq sudfwlfh/ wklv phdqv wkdw wzr vrfldo zhoiduh
ixqfwlrqv wkdw duh lqfuhdvlqj lq zhoiduh lpsurylqj suredelolw| wudqvihuv pd| rughu
[ dqg \ glhuhqwo| +pruh rq wklv lq rxu dssolfdwlrqv vhfwlrq 9,1
Qrqhwkhohvv/ zkhq[ mmZ\ lw lv srvvleoh wr frqvwuxfw d glvwulexwlrq O vxfk wkdw
wkh Jdppd fxuyh ri O olhv deryh erwk wkdw ri KE[ dqg KE\ > dqg frqyhuvho|
wkhuh lv d glvwulexwlrq X wkdw kdv d Jdppd fxuyh wkdw olhv ehorz wkh Jdppd
fxuyhv ri [ dqg \= Wkhvh glvwulexwlrqv erxqg wkh glvwulexwlrqv [ dqg \ lq d
phdqlqjixo vhqvh wkdw zh vkdoo foduli|1
Wr foduli| wkh vwdwxv ri O dqg X> zh lqwurgxfh iru dq| [>\ 5 G wkh frqfhsw ri
d vhw ri orzhu erxqgv i[>\ jor dqg d vhw ri xsshu erxqgv i[>\ jxs= Vshflfdoo|/
i[> \ jor lv wkh vhw ri glvwulexwlrqv wkdw [ dqg \ grplqdwh lq whupv ri vrfldo zho0
iduh/ dqg frqyhuvho| i[> \ jxs lv wkh vhw ri glvwulexwlrqv wkdw duh zhoiduh lpsurylqj
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ryhu [ dqg \= Irupdoo|/ zh kdyh=
i[>\ jxs ' i] 5 G G [ !Z ] dqg \ !Z ]j +617,
i[> \ jor ' i] 5 G G ] !Z [ dqg ] !Z \ j +618,
O dqg X erxqg [ dqg \ lq wkh vhqvh wkdw O lv dq hohphqw ri i[> \ jor dqg X lv
dq hohphqw ri i[> \ jxs=
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Ohw [> \ 5 G= Wkhq wkhuh h{lvw wzr glvwulexwlrqv X dqg O vxfk wkdw
O ! Z [ !Z X
O ! Z \ !Z X
zkhuh O ' K3E4@ iKE[>KE\ j dqg X ' K3E4@ iKE] G ] 5 i[> \ jxsj=
Ixuwkhupruh/ ghqh [ a \ dv wkh juhdwhvw hohphqw ri wkh vhw i[> \ jor dqg
[b\ dv wkh vpdoohvw hohphqw ri wkh vhw i[> \ jxs> zkhuh vpdoohvw dqg juhdwhvw
duh wdnhq lq wkh vhqvh ri wkh rughulqj uhodwlrq !Z 1 Lq rwkhu whupv iru dq|
] 5 i[> \ jor zh kdyh ] !Z E[ a \  dqg olnhzlvh iru dq| ] 5 i[> \ jxs zh kdyh
E[ b \  !Z ]= Wkh qh{w uhvxow fodulhv wkdw wkh h{lvwhqfh ri O ' E[ a \  dqg
X ' E[ b \  iru dq| [>\ lqvxuhv wkdw !Z hqgrzv G zlwk d sduwlfxodu vwuxfwxuh
nqrzq dv d odwwlfh rughulqj1
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Wkh rughuhg vhw +G/!Z  lv d odwwlfh/ zlwk rshudwlrqv b dqg a ghqhg e|
[ a \ ' K3E4@ iKE[>KE\ j
[ b \ ' K3E4@ iKE] G ] 5 i[> \ jxj
iru doo [>\ 5 G=
Wkxv/ lq dssolhg zrun/ zkhq [ mmZ\> wkdw lv zkhq wkh Jdppd fxuyhv ri wkh
wzr glvwulexwlrqv lqwhuvhfw/ zh fdq frqvwuxfw duwlfldo glvwulexwlrqv O ' [ a \
dqg X ' [b\ zklfk surylgh wkh wljkwhvw erxqgv lq whupv ri wkh zhoiduh rughulqj
uhodwlrq1 Wr foduli| wkhvh frqfhswv zh qrz wxuq wr dq h{dpsoh1
H{dpsoh 5 Vxssrvh q ' D/ [ ' df=2f f=2e f=2S f=bb =ffo dqg \ ' df=2D f=2D
f=2S f=He =ffo =Wkhq [ mmZ\= Ixuwkhupruh
KE[ '

f=2f f=ee f=.f =Sb 2=Sb

KE\  '

f=2D f=Df f=.S =Sf 2=Sf

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vr wkdw wkh wzr Jdppd fxuyhv lqwhuvhfw1 Wkh Jdppd fxuyhv ri wkh glvwulexwlrqv
O ' [ a \ dqg X ' [ b \ duh hdvlo| ghulyhg=
KEO '

f=2D f=Df f=.S =Sb 2=Sb

KEX '

f=2f f=ee f=.f =Sf 2=Sf

vr wkdw O ' df=2D f=2D f=2S f=b =ffo dqg X ' df=2f f=2e f=2S f=bf =ffo=
Dv lw wxuqv rxw/ wkh rughulqj uhodwlrq +G/!Z  doorzv xv wr ghqh wkh dqdorjxhv
ri O dqg X deryh/ qrw rqo| iru d jlyhq sdlu ri glvwulexwlrqv [ dqg \> exw pruh
jhqhudoo| zh fdq erxqg dq| vxevhw V ri G1 D odwwlfh zlwk wkh surshuw| wkdw dq|
vxevhw V  G kdv d ohdvw xsshu erxqg dqg d juhdwhvw orzhu erxqg lv nqrzq dv d
frpsohwh odwwlfh1
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Wkh rughuhg vhw +G/!Z  lv d frpsohwh odwwlfh zlwk erwwrp hohphqw B ' E> ===> 
dqg wrs hohphqw A ' Ef> ===> f> 
Lq sduwlfxodu/ lw lv srvvleoh wr qrupdol}h dq| vrfldo zhoiduh ixqfwlrqZ G G$ U
iurp ehorz dqg deryh e| uhvshfwlyho| Z EB dqg Z EA= Wkh d{lrpdwl}dwlrq ri
wkh vrfldo zhoiduh ixqfwlrq lv wkh wrslf ri rxu qh{w vhfwlrq1
71 Rughu0suhvhuylqj vrfldo zhoiduh ixqfwlrqv
Lq hpslulfdo zrun/ diwhu lqvshfwlqj Jdppd fxuyhv/ wkh uhvhdufkhu pd| zdqw wr
vxppdul}h wkh ohyho ri zhoiduh xqghuo|lqj hdfk glvwulexwlrq xvlqj vrph ixqfwlrq
$ G G $ U= Lq zkdw iroorzv/ lw lv xvhixo wr wuhdw G dv d vxevhw ri Uq dqg wr
ghqh wkh lqwhulru ri G dv wkh iroorzlqj vhw=
lqwG ' i[ 5 Uq G f ? [ ?    ? [q3 ? j= +714,
Wkhuh duh vhyhudo nh| surshuwlhv wkh vrfldo zhoiduh ixqfwlrq $ pd| eh uhtxluhg
wr vdwlvi|=
 FRQ G $E[ lv frqwlqxrxvo| glhuhqwldeoh rq wkh lqwhulru ri G +frqwlqxrxv
glhuhqwldelolw|,1
 SDU G \ !SSW [ , $E[  $E\  iru doo [> \ 5 G +Sduhwldq surshuw|,1
 HTXDO G [ !HSW \ , $E[  $E\  iru doo [> \ 5 G +suhihuhqfh iru
htxdolw|,1
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 QRUP G $E[  f dqg $E[ ' f li dqg rqo| li [ ' B iru doo [ 5 G
+qrupdol}dwlrq,1
Dq lpsruwdqw fodvv ri rughu suhvhuylqj ixqfwlrqv lq wklv duhd ri uhvhdufk lv wkh
fodvv ri Vfkxu0frqyh{ ixqfwlrqv1 Lq wkh frqwh{w ri wkh vhw ri fxpxodwlyh glvwulex0
wlrqv G> wklv fodvv pd| eh ghqhg lq wkh iroorzlqj pdqqhu=
Ghqlwlrq 714 Ohw $ G G $ U eh d uhdo ydoxhg ixqfwlrq/ frqwlqxrxvo| gli0
ihuhqwldeoh rq wkh lqwhulru ri G= Wkhq $ lv Vfkxu0frqyh{ li dqg rqo| li lwv sduwldo
ghulydwlyhv vdwlvi| wkh frqglwlrq
$E]  $2E]  ===  $q3E]
iru doo ] 5 lqwG= Ixuwkhupruh/ $ lv ghfuhdvlqj dqg Vfkxu0frqyh{ li dqg rqo| li lwv
sduwldo ghulydwlyhv vdwlvi| wkh frqglwlrq
$E]  $2E]  ===  $q3E]  f
iru doo ] 5 lqwG=
Rxu uvw uhvxow vwdwhv frqglwlrqv rq wkh vrfldo zhoiduh ixqfwlrq vxfk wkdw lw
vdwlvhv wkh d{lrpv FRQ / SDU dqg HTXDO=
Sursrvlwlrq 715 Ohw $ G G $ U eh vrph ixqfwlrq xvhg wr phdvxuh vrfldo
zhoiduh1 Wkhq $ vdwlvhv wkh d{lrpv FRQ / SDU dqg HTXDO li dqg rqo| li $
lv frqwlqxrxvo| glhuhqwldeoh rq wkh lqwhulru ri G/ ghfuhdvlqj dqg Vfkxu0frqyh{1
Lw iroorzv iurp rxu glvfxvvlrq lq Vhfwlrq 6 deryh wkdw iru dq| [ 5 G> B !Z [
dqg [ !Z A= Dffruglqjo|/ wkh lqhtxdolw| $EB  $E[  $EA krogv iru dq| [
dqg zh pd| qrupdol}h d vrfldo zhoiduh ixqfwlrq wr wdnh d }hur ydoxh dw wkh zruvw
fdvh glvwulexwlrq1 Wkxv/ zh kdyh/
Fruroodu| 716 Ohw Z G G $ U eh vrph ixqfwlrq xvhg wr phdvxuh vrfldo
zhoiduh1 Wkhq Z vdwlvhv wkh d{lrpv FRQ / SDU> HTXDO dqg QRUP li dqg
rqo| li
Z E[ ' $E[ $EB
zkhuh $ lv frqwlqxrxvo| glhuhqwldeoh rq wkh lqwhulru ri G> ghfuhdvlqj dqg Vfkxu0
frqyh{=
Zh frqfoxgh wklv vhfwlrq zlwk wkh iroorzlqj wkhruhp wkdw vxppdul}hv wkh ydu0
lrxv uhvxowv ri Vhfwlrq 6 dqg wkh suhvhqw vhfwlrq1
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Wkhruhp 717 Ohw [> \ 5 G1 Wkh iroorzlqj vwdwhphqwv duh htxlydohqw=
El KE\   K E[
Ell [ !Z \ /
ElllZ E[ Z E\  iru doo ghfuhdvlqj dqg vfkxu0frqyh{ ixqfwlrqv Z G G$ U1
Wkh uhvxow lv dovr ri lqghshqghqw lqwhuhvw/ dv lw vkrzv wkdw lq wkhru|/ wkh
ixqfwlrq Z qhhg qrw eh frqwlqxrxvo| glhuhqwldeoh1 Krzhyhu/ lq sudfwlfh lw lv
hdvlhvw wr yhuli| Vfkxu frqyh{lw| zkhq wkh ixqfwlrq lv glhuhqwldeoh1 Wkh idplo| ri
vrfldo zhoiduh ixqfwlrqv zh lqwurgxfh lq wkh vhfwlrq ehorz lv suhflvho| frqvwuxfwhg
wr yhuli| wkh surshuwlhv olvwhg lq Fruroodu| 716/ glhuhqwldelolw| ehlqj rqh vxfk
lpsruwdqw surshuw|1
81 D Idplo| ri vrfldo zhoiduh ixqfwlrqv
Zh pd| vxppdul}h wkh glvfxvvlrq durxqg Vhfwlrq 5 dv iroorzv= E Iru dq|[ 5 G>
wkh ixqfwlrq E[ lv ghfuhdvlqj lq SSWv/ dqg E2 iru dq| wzr glvwulexwlrqv [
dqg \ vxfk wkdw E[ ' E\ > [ jhqhudwhv d kljkhu vrfldo zhoiduh ohyho wkdq \
li lw lv ohvv glvshuvhg +l1h1 li [ lv rewdlqhg iurp \ yld d vhtxhqfh ri HSWv= Lq
wkh oljkw ri wkh uhvxowv ri Sursrvlwlrq 715 dqg lwv fruroodu| 716/ zh pd| qrz ghqh
wkh iroorzlqj fodvv ri vrfldo zhoiduh ixqfwlrqv wr eh xvhg lq dssolhg zrun=
Sursrvlwlrq 814
Wkh idplo| ri vrfldo zhoiduh ixqfwlrqv Z> G G $ U vxfk wkdw
Z>E[ '
q
q[
l'
[l
EE[
f ?   >   f> +814,
vdwlvhv wkh d{lrpv FRQ / SDU> HTXDO dqg QRUP / zkhuh q lv wkh qxpehu
ri rughuhg vwdwhv1
Lq vlpsoh whupv/ fkrrvlqj odujhu ydoxhv ri  pdnhv wkh lqgh{ ohvv vhqvlwlyh
wr wkh suhvhqfh ri suredelolw| pdvv lq wkh erwwrp ri wkh glvwulexwlrq1 Kljkhu
ydoxhv ri  pdnh wkh lqgh{ pruh vhqvlwlyh wr Sduhwldq Suredelolw| wudqvihuv1 Wr
jurxqg rxu xqghuvwdqglqj/ lw lv lqvwuxfwlyh wr h{dplqh vrph vshflf phpehuv ri
wklv idplo|1
Frqvlghu uvw wkh lqgh{ wkdw uhvxowv iurp vhwwlqj  '  G
Z>E] '
q E]
EE]
  f +815,
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Wkh deryh lqgh{ lv hqwluho| vxppdul}hg e| wkh ixqfwlrq = Vlqfh  lv d vx!flhqw
vwdwlvwlf iru wkh ohyho ri zhoiduh lq wklv sduwlfxodu fdvh/ Z> rqo| zhdno| vdwlvhv
HTXDO dv wkh lqgh{ lv qhxwudo zlwk uhvshfw wr htxdol}lqj suredelolw| wudqvihuv1
Wkxv/ zkhq  '  rxu mxgjhphqw rq wkh ohyho ri zhoiduh lv hqwluho| fkdudfwhul}hg
e| wkh zd| zh mxgjh Sduhwldq suredelolw| wudqvihuv1 Lq sduwlfxodu/ zkhq zh vhw
 '  ' > zh kdyh d vlpsoh lqgh{ wdnlqj wkh irup Z>E] ' Eq@E} =
Qh{w frqvlghu vhwwlqj  dw lwv vpdoohvw dgplvvleoh ydoxh/ f= Wkh uhvxowlqj lqgh{
lv ri wkh irup
Z>fE] ' q
q[
l'
[l f ?    +816,
Lqwhuhvwlqjo|/ wkh deryh zhoiduh lqgh{ vdwlvhv vwulfw yhuvlrqv ri SDU dqg HTXDO
dv orqj dv zh vhw f ?  ? = Wklv pd| eh ghgxfhg iurp Sursrvlwlrq 715 e|
revhuylqj wkdw iru f ?  ?  dqg  ' f> wkh ixqfwlrq Z>E] lv ghfuhdvlqj dqg
Vfkxu0frqyh{ ryhu G= Dv vwdwhg deryh/ iru ydoxhv ri  forvh wr }hur/ wkh lqgh{ lv
pruh vhqvlwlyh wr wkh erwwrp ri wkh glvwulexwlrq1 Frqyhuvho|/ dv  lqfuhdvhv wkh
lqgh{ lv ohvv vhqvlwlyh wr wkh suhvhqfh ri suredelolw| pdvv dw wkh erwwrp ri wkh
glvwulexwlrq/ dqg dw wkh olplw/ zh qg Z>fE] ' q E]1
Dv zh doorz  wr dssurdfk lqqlw| wkh lqgh{ ehfrphv pruh vhqvlwlyh wr SSWv=
Dw wkh olplw wkh lqgh{ wdnhv rq rqh ri wzr ydoxhv= wkh ydoxh f iru doo ] 9' A> dqg
wkh ydoxh q  zkhq ] ' A=
Zh vxppdul}h wklv glvfxvvlrq zlwk wkh iroorzlqj fruroodu| wr Sursrvlwlrq 814=
Fruroodu| 815
Frqvlghu wkh fodvv ri vrfldo zhoiduh ixqfwlrqv ri Sursrvlwlrq 8141 Wkh iroorzlqj
uhvxowv krog=
El Iru dq| ] 5 G> zh kdyh wkdw f  Z>E]  q > zlwk Z>EB ' f dqg
Z>EA ' q = Ixuwkhupruh/
Ell Iru dq| ] 5 G vxfk wkdw ] 9' A> dqg iru doo f    > Z>"E] ' f=
Elll Iru dq| ] 5 G vxfk wkdw ] 9'B> dqg iru doo   f> Z>E] '
q E]
E] 1
91 Dq looxvwudwlyh dssolfdwlrq
Wkh lpsohphqwdwlrq ri wkh phwkrgrorj| vhw rxw lq wkh suhylrxv vhfwlrq fdq eh
eurnhq grzq lqwr wkuhh vlpsoh vwhsv1 Iluvwo|/ Lw lqyroyhv fxpxodwlqj wkh iuhtxhqflhv
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{> ===> {q wr frqvwuxfw wkh fxpxodwlyh uhvsrqvhv [> ===> [q= Vhfrqgo|/ wkh gdwd
dqdo|vw frpsxwhv wkh Jdppd fxuyhv shuwdlqlqj wr hdfk ri wkh glvwulexwlrqv wkdw
irup wkh edvlv ri wkh hpslulfdo lqyhvwljdwlrqv1 Wkh Jdppd fxuyh mwk ruglqdwh lv
rewdlqhg e| fxpxodwlqj wkh fxpxodwlyh uhvsrqvhv xs wr vwdwh m( l1h1 KmE[ ' [n
===n[m1 Wklv h{huflvh zloo uhyhdo zklfk glvwulexwlrqv fdq eh rughuhg e| wkh uhodwlrq
!Z = Wklugo|/ wkh uhvhdufkhu lv lqwhuhvwhg lq frpsxwlqj vrfldo zhoiduh lqglfhv
lqfrusrudwlqj glhuhqw vrfldo ydoxh mxgjhphqwv> wklv fdq eh grqh khuh e| ydu|lqj
wkh sdudphwhuv  dqg  lq wkh fodvv ri vrfldo zhoiduh ixqfwlrqv Z>E[> ===> [q
lqwurgxfhg lq Vhfwlrq 81
Wr looxvwudwh wkh sursrvhg phwkrgrorj| zh xvh gdwd iurp wkh 4<<: zdyh ri
wkh Hj|swldq Lqwhjudwhg Krxvhkrog Vxuyh| ^HLKV` 51 Zh kdyh d wrwdo ri 4399
revhuydwlrqv shuwdlqlqj wr wkh erg| pdvv 6 ri dgxow zrphq iurp irxu jhrjudsklf
duhdv ri Hj|sw1 Wkh odujhu vkduh ri Hj|sw*v srsxodwlrq lv orfdwhg lq wkh wklq vwuls
ri odqg erxqglqj wkh Qloh ydooh| vrxwk ri Fdlur +Xsshu Hj|sw,/ lq Fdlur Vxh}/
Doh{dqguld dqg wkh pdlq wrzqv lq wkh Ghowd ydooh| qruwk ri Fdlur +Orzhu Hj|sw1,
Iru xsshu Hj|sw zh kdyh wzr glvwulexwlrqv shuwdlqlqj wr lqglylgxdov orfdwhg lq
uxudo duhdv +Uxudo Xsshu Hj|sw/ UXSH, dqg xuedq fhqwuhv +xuedq Xsshu Hj|sw
XXSH,1 Wkh gdwd shuwdlqlqj wr Orzhu Hj|sw rq wkh rwkhu kdqg duh jurxshg
lqwr gdwd shuwdlqlqj wr phwursrolwdq fhqwuhv/ qdpho| Fdlur/ Doh{dqguld dqg Vxh}/
+phwursrolwdq Orzhu Hj|sw/POH, zkloh wkh uhpdlqlqj revhuydwlrqv duh jdwkhuhg
lq d glvwulexwlrq shuwdlqlqj wr qrq0phwursrolwdq Orzhu Hj|sw/ QPOH1
Vwhs 4= Fdofxodwlqj fxpxodwlyh glvwulexwlrqv
Wkh gdwd zhuh wkhq jurxshg lqwr yh EPL fdwhjrulhv duudqjhg lq rughu ri
lqfuhdvlqj khdowk +W|sh LLL rehvh/ W|sh LL rehvh/ w|sh L rehvh/ ryhuzhljkw dqg
qrw ryhuzhljkw,1 Wklv fodvvlfdwlrq lv vwdqgdug +vhh ZKR/ 5343, zkhuh wkh pryh
iurp rqh EPL jurxs wr wkh qh{w +orzhu khdowk khuh, lv dvvrfldwhg zlwk lqfuhdvhg
ulvn ri gldehwhv/ fduglrydvfxodu glvhdvh dqg pruwdolw| uhodwlyh wr ehlqj lq wkh wrs
khdowk fdwhjru| +qrw ryhuzhljkw1, Wkh fxpxodwlyh iuhtxhqflhv iru hdfk ri wkh irxu
glvwulexwlrqv duh uhsruwhg lq Wdeoh 41
5Wkh 4<<: Hj|sw Lqwhjudwhg Krxvhkrog Vxuyh| +HLKV, zdv xqghuwdnhq e| wkh Lqwhuqdwlrqdo
Irrg Srolf| Uhvhdufk Lqvwlwxwh lq frooderudwlrq zlwk Xqlwhg Vwdwhv Djhqf| iru Lqwhuqdwlrqdo
Ghyhorsphqw +XVDLG,/ wkh Plqlvwu| ri Djulfxowxuh dqg Odqg Uhfodpdwlrq ri wkh Jryhuqphqw
ri Hj|sw dqg wkh Plqlvwu| ri Wudgh dqg Vxsso| ri wkh Jryhuqphqw ri Hj|sw1 Wkh HLKV vxuyh|
zdv ixqghg xqghu XVDLG Judqw Qr1 5960J0330<90333630331 Vhh Lqwhuqdwlrqdo Irrg Srolf|
Uhvhdufk Lqvwlwxwh +4<<:, iru d ghvfulswlrq ri wkh vxuyh|1
6Erg| pdvv lv ghqhg khuh dv zhljkw lq nlorjudpv qrupdol}hg e| vtxduhg khljkw/ phdvxuhg
lq vtxduhg phwhuv1
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Dq h{dplqdwlrq ri Wdeoh 4 fohduo| frqupv lq wkh frqwh{w ri Hj|sw wkdw
rehvlw|0uhodwhg loo0khdowk lv prvwo| dq xuedq skhqrphqrq1 W|sh LLL rehvlw| vwdqgv
dw :18( lq wkh phwursrolwdq Orzhu glvwulexwlrq POH/ exw dw 419( iru wkh uxudo
Xsshu glvwulexwlrq UXSH1 Vshflfdoo|/ Lw lv lpsruwdqw wr qrwh wkdw d uvw rughu
vwrfkdvwlf grplqdqfh rughulqj uhyhdov wkdw wkh glvwulexwlrq shuwdlqlqj wr uxudo
Xsshu Hj|sw/ UXSH> kdv wkh kljkhvw vrfldo zhoiduh ohyho= hdfk [l frpsrqhqw lv
vpdoohu wkdq wkh fruuhvsrqglqj \l frpsrqhqw/ zkhuh \ lv dq| ri wkh uhpdlqlqj
wkuhh glvwulexwlrqv1 Wkh vdph frqfoxvlrq/ lq uhyhuvh/ dssolhv wr wkh glvwulexwlrq
POH uhyhdolqj wkdw wkh phwursrolwdq Orzhu Hj|sw kdv wkh zruvw srvvleoh vwdwh
ri vrfldo zhoiduh1 Wdeoh 4 dovr uhsruwv fxpxodwlyh glvwulexwlrqv JOE dqg OXE(
wkhvh glvwulexwlrqv zloo eh ghqhg rqfh zh kdyh lqvshfwhg Jdppd fxuyhv1
Vwhs 5= Lqvshfwlqj Jdppd fxuyhv
Dq lqvshfwlrq ri Iljxuh 4 sorwwlqj wkh Jdppd fxuyhv shuwdlqlqj wr wkhvh irxu
glvwulexwlrqv uhyhdov wkdw/ lq wklv looxvwudwlyh h{dpsoh/ vrfldo zhoiduh lv xqdpeljx0
rxvo| orzhvw lq phwursrolwdq Orzhu Hj|sw/ dqg kljkhvw lq uxudo Xsshu Hj|sw1 Rq
wkh rwkhu kdqg/ wkh Jdppd fxuyhv shuwdlqlqj wr wkh uhpdlqlqj wzr glvwulexwlrqv
lqwhuvhfw= QPOHmmZXXSH= Vlqfh wkh rughulqj uhodwlrq !Z kdv wkh odwwlfh surs0
huw|/ +Sursrvlwlrq 617,/ lw lv srvvleoh wr frqvwuxfw wkh ohdvw xsshu erxqgv +wkh b
rshudwlrq, dqg juhdwhvw orzhu erxqgv +wkh a rshudwlrq, lq whupv ri vrfldo zhoiduh
wr wkhvh wzr xqrughuhg glvwulexwlrqv1 Zh wkxv ghqh wzr dgglwlrqdo glvwulex0
wlrqv/ qdpho| JOE ' QPOH aXXSH dqg OXE ' QPOH bXXSH= Wrjhwkhu
zlwk wkh zruvw srvvleoh vwdwh ri ddluv/ wkh glvwulexwlrq B ' d    o> dqg
wkh wrs glvwulexwlrq A ' df f f f o uhvshfwlyho|/ wkh odwwlfh vwuxfwxuh shuwdlqlqj
wr wkh vhw O ' iB>POH>JOE>QPOH>XXSH>OXE>UXSH>Aj fdq wkxv eh
h{klelwhg xvlqj d Kdvvh gldjudp +Iljxuh 5,1 Qrwh wkdw zkloh wkh glvwulexwlrqv
B> dqg A erxqg wkh vhw iQPOH>XXSHj iurp ehorz dqg deryh dqg olnhzlvh
iPOH>UXSHj erxqg wklv vdph vhw/ qhlwkhu ri wkhvh erxqgv lv wljkw lq whupv ri
rxu sursrvhg zhoiduh rughulqj1 Wkh odwwlfh surshuw| ri wkh EG>!Z  krzhyhu hq0
vxuhv wkdw wkh wljkwhvw srvvleoh erxqgv rq wkh sdlu iQPOH>XXSHj lv surylghg
e| JOE dqg OXE=
Vwhs 6= Vrfldo zhoiduh fdofxodwlrqv
Wr rewdlq dq rughu ri pdjqlwxgh rq wkh xqghuo|lqj ohyho ri vrfldo zhoiduh wkhvh
juhdwhvw orzhu erxqg dqg ohdvw xsshu erxqg rq wkh sdlu iQPOH>XXSHj hqwdlo/
zh fdofxodwh lq Wdeoh 5 wkh xqghuo|lqj ohyho ri zhoiduh iru hdfk ri wkh glvwulexwlrqv
lq wkh vhw O xvlqj wkh fodvv ri vrfldo zhoiduh ixqfwlrqvZ>E= lqwurgxfhg lq Vhfwlrq
81 Ehfdxvh rughulqjv duh rqo| dydlodeoh iru d vxevhw ri wkh sdlu0zlvh frpsdulvrqv/ lw
lv fohduo| qhfhvvdu| wr frpsxwh d udqjh ri lqglfhv h{klelwlqj vhqvlwlylw| wr glhuhqw
4:
duhdv ri wkh khdowk glvwulexwlrq1 Wkxv/ lq Wdeoh 5 zh frpsxwhZf=fD>E=> Zf=fD>fE=>
Zf=Df>E=> dqg Zf=Df>fE== Wkhuh duh vhyhudo srlqwv zklfk wkhvh fdofxodwlrqv vhuyh
wr looxvwudwh1
 Iru doo ydoxhv ri  dqg  frqvlghuhg lq Sursrvlwlrq 814 Wkh Z>E= idplo|
erxqgv vrfldo zhoiduh ehwzhhq f iru wkh erwwrp glvwulexwlrq B dqg q ' e
iru wkh wrs glvwulexwlrq A=
Wkrxjk lq d vhqvh wulyldo/ wkh deryh qrupdol}dwlrq doorzv xv wr foduli| krz
hdfk ri wkh vrfldo zhoiduh lqglfhv fduglqdol}h zhoo0ehlqj lqwr d qxpehu udqjlqj
ehwzhhq wkhvh wkhruhwlfdo erxqgv ri f dqg e=
 Doo irxu vrfldo zhoiduh lqglfhv pluuru wkh sdlu0zlvh rughulqj ri glvwulexwlrqv
vxppdul}hg lq wkh Kdvvh gldjudp ri Iljxuh 51
Iru lqvwdqfh/ wkh lqglfhv iru phwursrolwdq Orzhu Hj|sw +POH, doo lqglfdwh ohvv
vrfldo zhoiduh wkdq wkh fruuhvsrqglqj ixqfwlrqv iru wkh rwkhu wkuhh glvwulexwlrqv1
Frqyhuvho| wkh lqglfhv iru uxudo xsshu Hj|sw +UXSH dozd|v lqglfdwh d kljkhu
ohyho ri zhoiduh1 Wdnlqj iru lqvwdqfh wkh Zf=Df>fE= phdvxuh +odvw froxpq ri Wdeoh
5,/ zh fdofxodwh Zf=Df>fEB ' f> Zf=Df>fEA ' e> dqg wkh uhpdlqlqj qxpehuv
duh erxqghg ehwzhhq wkh ydoxhv Zf=Df>fEPOH ' =.SH dqg Zf=Df>fEUXSH '
2=SbS= Wklv h{dpsoh kljkoljkwv d ixuwkhu srlqw1
 Ehfdxvh lq sudfwlfh vrph glvwulexwlrqv pd| qrw eh rughuhg/ wkh frpsxwdwlrq
ri zhoiduh xvlqj d vlqjoh lqgh{ fdq eh udwkhu plvohdglqj1
Wr foduli| wklv srlqw/ frqvlghu d frpsdulvrq ri qrq0phwursrolwdq Orzhu Hj|sw
dqg xuedq Xsshu Hj|sw= vrfldo zhoiduh vwdqgv dw f=efD lq QPOH dqg f=e2 lq
wkh XXSH dffruglqj wr wkh Zf=fD>E= phdvxuh/ exw vrfldo zhoiduh lv pdujlqdoo|
kljkhu lq QPOH +31643; yhuvxv 3163<<, dffruglqj wr wkh Lf=fD>fE= lqgh{1
Rxu odvw srlqw h{sorlwv wkh odwwlfh surshuw| ri wkh vrfldo zhoiduh rughulqj !Z
wr hoderudwh ixuwkhu rq wkh sureohp ri rughulqj glvwulexwlrqv1
 Lq fdvh wzr glvwulexwlrqv [ dqg \ fdqqrw eh rughuhg/ wkh frpsxwdwlrq ri
vrfldo zhoiduh dw Z>E[ a \  dqg Z>E[ b \  surylghv wkh wljkwhvw orzhu
dqg xsshu erxqgv rq wkh xqghuo|lqj ohyho ri zhoiduh ri [ dqg \=
4;
Fohduo| QPOH dqg XXSH duh qrw frpsdudeoh1 Krzhyhu/ wkh| erwk xq0
dpeljxrxvo| grplqdwh d k|srwkhwlfdo sxeolf srolf| vfhqdulr wkdw jhqhudwhv wkh
glvwulexwlrq JOE ' QPOH a XXSH= Olnhzlvh/ QPOH dqg XXSH duh erwk
lqihulru wr d k|srwkhwlfdo sxeolf srolf| wkdw jhqhudwhv d glvwulexwlrq OXE '
QPOHbXXSH= Ixuwkhupruh/ JOE dqg OXE duh wkh wljkwhvw srvvleoh eudfnhwv
rq wkh ohyho ri zhoiduh d jlyhq vrfldo zhoiduh ixqfwlrq zloo dwwulexwh wr wkh vwdwhv
ri ddluv vxppdul}hg e| wkh glvwulexwlrqv [ dqg \= Wkxv/ zkloh Zf=fD> E= dqg
Zf=fD>fE= udqn QPOH dqg XXSH glhuhqwo|/ zh fohduo| kdyh Zf=fD> EJOE '
f=S.> Zf=fD>EOXE ' f=e.f> dqg wkhvh wzr jxuhv surylgh wkh wljkwhvw srvvleoh
erxqgv rq wkh ohyho ri zhoiduh xqghuo|lqj QPOH dqg XXSH zkhq vrfldo suhi0
huhqfhv duh fdswxuhg e| wkh ixqfwlrq Zf=fD>= Olnhzlvh/ Zf=fD>f EJOE ' f=f2e>
Zf=fD>fEOXE ' f=H duh wkh wljkwhvw srvvleoh erxqgv rq wkh ohyho ri zhoiduh xq0
ghuo|lqj QPOH dqg XXSH lq uhodwlrq wr wkh vrfldo zhoiduh ixqfwlrq Zf=fD>fE==
:1 Frqfoxvlrq
Iroorzlqj Doolvrq dqg Irvwhu +5337,/ d qhz olwhudwxuh kdv hphujhg lq uhodwlrq wr
wkh phdvxuhphqw ri lqhtxdolw| dqg srodul}dwlrq vshflf wr wkh frqwh{w ri rughuhg
uhvsrqvh gdwd/ dqg xwlol}lqj wkh fxpxodwlyh glvwulexwlrq ixqfwlrq dv wkh dujxphqw
ri wkh glvshuvlrq lqgh{1 Wkh suhvhqw sdshu dgydqfhv wklv olwhudwxuh e| dgguhvvlqj
wkh txhvwlrq ri vrfldo zhoiduh phdvxuhphqw lq uhodwlrq wr rughuhg uhvsrqvh gdwd1
Wzr w|shv ri wudqvirupdwlrqv ri wkh gdwd zhuh frqvlghuhg dv lpsurylqj vr0
flhw|*v zhoiduh= Sduhwldq suredelolw| wudqvihuv zhuh lqwurgxfhg wr fdswxuh wkh
Sduhwldq surshuw| ri wkh vrfldo zhoiduh ixqfwlrq> htxdol}lqj suredelolw| wudqvihuv
fdswxuh vrflhw|*v suhihuhqfh iru htxdolw|1 Rxu uhvxowlqj vrfldo zhoiduh rughulqj zdv
vkrzq wr jhqhudwh d frpsohwh odwwlfh ryhu wkh vhw ri fxpxodwlyh glvwulexwlrqv ixqf0
wlrqv/ hqdeolqj wkh uhvhdufkhu wr frqvwuxfw wkh wljkwhvw srvvleoh erxqgv +l1h ohdvw
xsshu dqg juhdwhvw orzhu erxqgv, rq dq| qxpehu ri glvwulexwlrqv wkdw fdqqrw eh
rughuhg1
Zh kdyh dovr lqwurgxfhg wkh Jdppd fxuyh dv d phdqv ri hqdeolqj wkh uh0
vhdufkhu wr lqyhvwljdwh vrfldo zhoiduh rughulqjv ri glvwulexwlrqv lq wkh frqwh{w ri
dssolhg zrun1 Rxu sdshu kdv dovr fkdudfwhul}hg wkh vhw ri rughu0suhvhuylqj ixqf0
wlrqv iru rxu vrfldo zhoiduh uhodwlrq1 Vshflfdoo|/ wklv frqvlvwv ri wkh idplo| ri
ghfuhdvlqj Vfkxu frqyh{ ixqfwlrqv ghqhg ryhu wkh vhw ri fxpxodwlyh glvwulexwlrq
ixqfwlrqv1 Wklv uhvxow zdv ixuwkhu h{sorlwhg e| lqwurgxflqj d wzr0sdudphwhu idp0
lo| ri vrfldo zhoiduh ixqfwlrqv zlwk wkh sxusrvh ri h{sdqglqj wkh gdwd0dqdo|vw*v
wrro nlw lq wkh dqdo|vlv ri rughuhg uhvsrqvh gdwd1 Ilqdoo|/ zh kdyh sursrvhg dq
4<
looxvwudwlyh dssolfdwlrq ri rxu qhz phwkrgrorj| lq wkh frqwh{w ri dqdo|}lqj erg|
pdvv uhodwhg khdowk rxwfrphv lq d vdpsoh ri zrphq iurp wkh Hj|swldq Lqwhjudwhg
Krxvhkrog Vxuyh|1
Zh qrwh khuh wkdw zh kdyh rewdlqhg rxu idplo| ri vrfldo zhoiduh ixqfwlrqv iurp
d sduwldo d{lrpdwl}dwlrq ri rxu zhoiduh phdvxuhv1 Wkxv/ wkhuh pd| eh dgglwlrqdo
d{lrpv uhvhdufkhuv pd| zdqw wr frqvlghu iurp wkh uhodwhg lqhtxdolw| olwhudwxuh
+w|slfdoo| vxe0jurxs ghfrpsrvdelolw|> fi1 Nrexv dqg Pl­rv/ 5345, lq rughu wr
qduurz wklv fodvv ixuwkhu1 Ixuwkhupruh/ vrfldo zhoiduh lqglfhv pd| eh ghulyhg lq
uhodwlrq wr rughu vwdwlvwlfv ri wkh gdwd rwkhu wkdq yld wkh fxpxodwlyh glvwulexwlrq
ixqfwlrq +Frzhoo dqg Iodfkdluh/ 5345,1
Wkhuh duh dovr rwkhu frqwh{wv wkdq ghyhorslqj frxqwu| gdwd/ dqg rwkhu duhdv
ri dssolfdwlrq zkhuh rxu sursrvhg phwkrgrorj| pd| eh htxdoo| dssolhg1 Wkh
phdvxuhphqw ri zhoiduh uhodwhg kdsslqhvv +Dohvlqd hw do1 5337/ Vwhyhqvrq E1 dqg
M1 Zroihuv/ 533;,/ dqg vdwlvidfwlrq zlwk wkh gholyhu| ri sxeolf vhuylfhv +Mrqhv hw
do1 5345,/ duh fohduo| uhvhdufk duhdv zkhuh wkh phwkrgrorj| zh kdyh ghyhorshg
khuh pd| eh ri uhohydqfh1
;1 Dsshqgl{
Wklv dsshqgl{ jdwkhuv surriv ri rxu ydulrxv uhvxowv1 Wkurxjkrxw/ zh dvvxph
l> m> n> o>p dqg q doo ghqrwh srvlwlyh lqwhjhuv/ dqg zh ehjlq e| vwdwlqj dqg surylqj
wzr suholplqdu| ohppdv1
Ohppd D4 Ohw G ghqrwh wkh vhw ri fxpxodwlyh glvwulexwlrq ixqfwlrqv shuwdlq0
lqj wr o revhuydwlrqv dqg q rughuhg suredelolw| vwdwhv/ zkhuh o/q 5 Q duh qlwh1
Wkhq wkh uhvxowlqj vhw ri fxpxodwlyh glvwulexwlrqv G lv qlwh1
Surri Lw vx!fhv wr qrwh wkdw wkhuh duh h{dfwo| oq frqjxudwlrqv ri wkh uh0
vsrqvhv ri wkh o revhuydwlrqv1 Fohduo|/ oq lv qlwh/ dqg lv dq xsshu erxqg wr wkh
qxpehu ri hohphqwv lq wkh vhw G=
Lw lv frqyhqlhqw iru wkh surri ri OhppdD2 ehorz wr wuhdw KE[ dqg KE\  dv wzr
vhsdudwh ixqfwlrqv iurp Qq  i> ===> qj wr d> qo> dqg wr zulwh wkhvh uhvshfwlyho|
dv K[ dqg K\> zkhuh iru Y 5 G> zh ghqh KY E  Y dqg iru l A > KY El 
Y n    n Yl= Zlwk wklv qrwdwlrq/ zh ghqh XEl ' 4@ iK[El>K\ Elj iru doo
l 5 Qq= Qrwh ixuwkhupruh wkdw iru dq| glvwulexwlrq Y> KY lv dq lqfuhdvlqj ixqfwlrq1
Dovr/ dv KY Eln  KY El ' Yln> wkh ixqfwlrq KY lv lqfuhdvlqj dw dq lqfuhdvlqj
udwh/ wkdw lv/ lw lv lqfuhdvlqj dqg frqyh{ ryhu Qq=
Ohppd D5 Ohw [> \ 5 G= Iru doo l 5 Qq ghqh XEl ' 4@ iK[El>K\ Elj1
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Ixuwkhupruh/ frqvwuxfw wkh yhfwru ] vxfk wkdw ]E  XE dqg ]El  XEl 
XEl  iru doo l ' 2> ===> q= Wkhq ] 5 G iru doo [> \ 5 G=
Surri Wr vkrz wkdw ] lv d glvwulexwlrq/ zh qhhg wr yhuli| wkuhh surshuwlhv/
qdpho|= El ]q ' > Ell ]  f> dqg Elll ]ln  ]l iru doo l ' > ===> q =
El Ohw XEl ' 4@ iK[El>K\ Elj iru doo l 5 Qq= Vlqfh Yq '  iru doo Y 5 G>
lw iroorzv wkdw iru doo [> \ 5 G wkhuh krogv XEqXEq ' > dqg wkxv ]q ' =
Ell Vlqfh XE ' 4@ i[> \j  f> lw iroorzv wkdw ] ' XE  f iru doo
[> \ 5 G=
Elll Zh kdyh wkh iroorzlqj htxlydohqfhv= ]ln  ]l +, XEl n   XEl 
XEl  XEl   +, 2XEl n  n

2XEl    XEl= Exw wkh odwwhu lqhtxdolw| lv
d yhuvlrq ri Mhqvhq*v lqhtxdolw|= lw krogv wuxh iru doo [>\ 5 G vlqfh K[ dqg K\
duh lqfuhdvlqj dqg frqyh{ ryhu Qq> dqg dffruglqjo| XEl ' 4@ iK[El>K\ Elj lv
frqyh{ ryhu Qq= 
Surri ri Sursrvlwlrq 516 Iru [ 5 G> zlwk E[ ' w dqg [ 9' / zh pxvw
kdyh [ ? w3q3 dqg [q3 A
w3
q3 = Lq ixoo jhqhudolw|/ iru doo [> wkhuh lv dq lqgh{ l
zlwk  9 m ? l ? n ? q   vxfk wkdw [m ? w3q3 dqg [n A w3q3 = Ohw m  w3q3
[m dqg   E w3q3  >
w3
q3 > ====>
w3
q3 n > > wkhq wkhuh krogv 
 FHSW 1 Zlwk
dw prvw Eq  HSWv>  '
l[
l'
m fdq eh hdvlo| glvwulexwhg ryhu wkh frpsrqhqwv
n> n ' > ==> q  ri  wr jhw wkh [n dqg [ zlwk E[ ' w= Wkhq [ !HSW 1
Zh qh{w vkrz wkdw 	 !HSW [= Iru dq| [ 5 G/ ohw l ' [l iru l '
> ==> EqlqwEw = Wkhvh l fdq eh glvwulexwhg ryhu wkh odvw lqwEw frpsrqhqwv ri
[ wr jhw wkh 4/ dqg wkh iudfEw jrhv rq [q3lqwEw= Wkhq/ zh rewdlq 	 !HSW [1
Ilqdoo|/ lw lv hdv| wr vhh wkdw iurp 	 ' Ef> f> ==>iudfEw> > > ==>  lw lv lpsrvvleoh
wr pdnh dq| HSW wr rewdlq dq| glvwulexwlrq lq G1 Vr li X !HSW 	Ew> wkhq
X ' 	Ew= Vlploduo| wkhuh lv qr Y 5 G zlwk EY  ' w dqg  FHSW Y ehfdxvh
Y ? w3q3 1 Vr li Ew !HSW Y wkhq Ew ' Y= 
Surri ri Sursrvlwlrq 518 Hdfk ri wkhvh elqdu| uhodwlrqv duh edvhg rq frpsrqhqw0
zlvh dulwkphwlf lqhtxdolwlhv1 Wkh| duh hdvlo| yhulhg wr eh uh h{lyh/ dqwl0v|pphwulf
dqg wudqvlwlyh rughulqj uhodwlrqv1 
Surri ri Sursrvlwlrq 614 E+ Li [ FZ \ zh kdyh iru vrph n> m dqg o vxfk
wkdw n  m  o  =
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KE\  ' KE[
111
Kn3E\  ' Kn3E[
Krzhyhu/ dv \n ' [n    % dqg \o ' [o n  zh dovr kdyh iru n  m  o  
KmE\  ' KmE[   %
dqg
KoE\  ' KoE[ %
111
KqE\  ' KqE[ %
Xvlqj vxffhvvlyh FZ uhodwlrqv/ zh wkhq rewdlq wkdw KE\   KE[=
E, Li KE\   KE[> lq ixoo jhqhudolw| iru doo l> wkhuh duh %l>   f vxfk wkdw
KlE\  ' KlE[    %l= Xvlqj vxffhvvlyh FZ uhodwlrqv/ zh rewdlq [ !Z \=

Surri ri Ohppd 616 Li [ dqg \ duh rughuhg/ lw lv fohdu wkdw O dqg X h{lvw=
li [ !Z \ wkhq O ' [ dqg X ' \> dqg ylfh yhuvd li \ !Z [=
Li [nZ\> wkhq iurp Ohppd D5 lw iroorzv wkdw wkhuh lv d glvwulexwlrq O 5 G
ghqhg dv O ' K3E4@ iKE[>KE\ j vxfk wkdw O !Z [ dqg O !Z \= Lw lv
fohdu wkdw O 5 i[>\ jor=
Qrz frqvlghu wkh vhw ri xsshu erxqgv iru i[> \ j= Ehfdxvh EG>!Z  kdv d
wrs hohphqw A ' Ef> ===> f>  lw iroorzv wkdw hyhu| vxevhw V ri G kdv dq xsshu
erxqg lq G> dqg wkxv wkdw i[> \ jxs lv qrq0hpsw|1 Lq sduwlfxodu/ vlqfh iurp
Ohppd D4 G lv d qlwh vhw/ i[> \ jxs lv dovr qlwh/ dqg uhshdwhg dssolfdwlrq ri
Ohppd D5 hqwdlov wkdw wkhuh lv d glvwulexwlrq X 5 G> vxfk wkdw KEX ' 4@ 
+iKE] G ] 5 i[> \ jxsj= Lw wkhq iroorzv wkdw [ !Z X dqg \ !Z X dv uhtxluhg=

Surri ri Sursrvlwlrq 617 Ohppd D5 hqvxuhv wkdw iru doo [> \ 5 G wkhuh lv
d glvwulexwlrq ] 5 G vxfk wkdw KE] ' 4@ iKE[>KE\ j = Wkxv lw iroorzv wkdw
[ a \ ' K3E4@ iKE[>KE\ j=
Vlqfh Ohppd D4 hqwdlov wkdw G lv d qlwh vhw/ lw dovr iroorzv wkdw iru doo V  G>
aV h{lvwv lq G= Ixuwkhupruh/ vlqfh EG>!Z  kdv iru wrs hohphqw A ' df> ===> f> o>
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zh kdyh wkdw hyhu| vxevhw V  G kdv dq xsshu erxqg lq G dqg Vxs lv qrq0hpsw|1
Lq sduwlfxodu/ i[> \ jxs lv qrq0hpsw| dqg wkhuh h{lvwv vrph ] 5 G vxfk wkdw
] ' ai[> \ jxs ' K3E4@ iKE] G ] 5 i[> \ jxsj= Exw ai[> \ jxs ' [ b \
dqg zh kdyh wkdw wkh sduwldo rughulqj EG>!Z  lv d odwwlfh1
Surri ri Sursrvlwlrq 618 Zh revhuyh wkdw Ohppd D4 dqg Sursrvlwlrq 617
hqwdlo wrjhwkhu wkdw EG>!Z  lv d odwwlfh ghqhg ryhu d qlwh vhw1 Khqfh/ lw iroorzv
wkdw EG>!Z  lv d frpsohwh odwwlfh= 
Surri ri Sursrvlwlrq 715 +, E| ghqlwlrq/ FRQ hqwdlov glhuhqwldelolw|
ri wkh ixqfwlrq $ rq wkh lqwhulru ri G= Ohw [> \ 5 G= Vlqfh [ !SSW \ +,
\  [ , $E\   $E[> FRQ dqg SDU mrlqwo| hqwdlo wkdw wkh ixqfwlrq $ lv
glhuhqwldeoh rq lqwG dqg ghfuhdvlqj1
Frqvlghu qh{w wkh d{lrp HTXDO= E| ghqlwlrq/ \ !HSW [ +, [ !KOS \>
zkhuh!KOS lv wkh pdmrul}dwlrq rughulqj ri Kdug| Olwwohzrrg dqg Sro|d +Pduvkdoo
hw do1/ 5344> Fkdswhu 4,1 Suhihuhqfh iru htxlw| hqwdlov \ !HSW [ ', $E[ 
$E\ = Wkhuhiruh [ !KOS \ ', $E[  $E\ = Wkhq $ lv d pdmrul}dwlrq rughu
suhvhuylqj ixqfwlrq> htxlydohqwo|/ $ lv Vfkxu0frqyh{1 Wrjhwkhu wkh wkuhh d{lrpv
wkhq hqwdlo $ lv glhuhqwldeoh rq wkh lqwhulru ri G/ ghfuhdvlqj dqg Vfkxu0frqyh{1
++ Wkh frqyhuvh vwdwhphqw lv hdvlo| vkrzq wr krog wuxh1 
Surri ri Fruroodu| 716 Ohw $ vdwlvhv wkh d{lrpvFRQ> SDU> dqgHTXDO=
Wkhq/ ehfdxvh iru doo [ 5 G zh kdyh B !Z [> lw iroorzv wkdw Z EB ' $E[
$EB  f dqg Z EB ' f = Fohduo| wkhq/ Z dovr vdwlvhv QRUP= 
Surri ri Wkhruhp 717 Wkdw El/ Ell iroorzv iurp Sursrvlwlrq 6141
Ell, lll Vlqfh iurp Ohppd D4 G lv d qlwh vhw dqg e| dvvxpswlrq [ !Z \ /
zh kdyh [ ' Xr ! X  ! === ! Xp ' \ zkhuh p 5 Q lv qlwh dqg zkhuh X ln
glhuv iurp X l e| rqh vlqjoh ZSW / dqg X ln lv wkh lpphgldwh vxffhvvru ri X l1
Ohw [ ' E[> ===>[q3>  dqg X ' Ed> ===> dq3>  = Vlqfh [ dqg X
 glhu
e| rqh vlqjoh ZSW / wkhuh h{lvw vwdwhv n dqg o zlwk n n   o   vxfk wkdw
dn ' [n    %/ do ' [o n / zkhuh  dqg % vdwlvi| wkh uhvwulfwlrqv ri Ghqlwlrq
517/ dqg zkhuh qdoo| dl ' [l iru doo l 9' n> o1 Lw wkhq iroorzv wkdw
mS
l'
[l 
mS
l'
dl
iru doo m ' > ===> q1
Wkhvh q lqhtxdolwlhv lq wxuq hqwdlo wkdw [ lv zhdno| vxshu0pdmrul}hg e| X 
lq wkh vhqvh ri Ghqlwlrq 41D151d ri Pduvkdoo hw do1+5344,1 Ixuwkhupruh/ iurp
Wkhruhp 6D; ri Pduvkdoo hw do1+5344,/ lw iroorzv wkdw ! EX  ! E[ iru doo
ghfuhdvlqj dqg Vfkxu0frqyh{ ixqfwlrqv ! G G$ U1 Zh qh{w surfhhg wr hvwdeolvk
wkh vdph uhodwlrq ehwzhhq X l dqg X ln dqg zh duulyh dw wkh uhvxow wkdw [ !Z
\ ,Z E[ Z E\  iru doo Z G G$ U ghfuhdvlqj dqg Vfkxu0frqyh{1
56
Elll , ll Dvvxph wkdw ! E[  ! E\  iru doo ghfuhdvlqj dqg Vfkxu0frqyh{
ixqfwlrqv ! G G$ U1 Wkhq zh pd| frqvlghu wkh iroorzlqj q ixqfwlrqv
!m EX ' 
m[
l'
Xl> m ' > ===> q
iru zklfk e| dvvxpswlrq wkhuh krogv !m E[  !m E\ 1 Exw lq wxuq wkhvh q lq0
htxdolwlhv hqwdlo KE\   K E[ > ru htxlydohqwo| wkdw [ !Z \ 1 
Surri ri Sursrvlwlrq 814 Frqvlghu uvw vrph [ 5 lqwG= Wkhq/
CZ>
C[l
'  E[[
3
l 

E[n
#
q
q[
l'
[l
$
+;14,
CZ>
C[l
 CZ>C[ln
' E[

[3ln [3l

+;15,
Lw lv fohdu iurp +;14, wkdw FRQ krogv dv Z> lv frqwlqxrxvo| glhuhqwldeoh rq
lqwG iru doo  5 Ef> o dqg iru doo   f= Ixuwkhupruh/ iru dq| [ 5 lqwG/ wkhuh
krogv  ?
qS
l'
[l ? q dqg  ? E[ ? q= Wkxv zh ghgxfh wkdw SDU lv dovr
vdwlvhg iru doo  5 Ef> o dqg iru doo   f=
Qh{w frqvlghu HTXDO1 Vlqfh wkh ixqfwlrq jEw ' w3 lv ghfuhdvlqj iru doo
w 5 Ef>  dqg iru doo  5 Ef> o> lw iroorzv wkdw wkh uljkw kdqg vlgh ri +;15, lv
qrq0srvlwlyh dqg wkxv wkdw Z> vdwlvhv HTXDO iru dq| [ 5 lqwG1
Qrz frqvlghu erxqgdu| srlqwv ri G= Lw lv xvhixo khuh wr orrn dw wkuhh vhsdudwh
fdvhv1 Iluvw frqvlghu vrph srlqw ] 5 G/ vxfk wkdw f ? ]      ]q3  =
Vlqfh Z> uhpdlqv glhuhqwldeoh dw ]> SDU dqg HTXDO duh dovr vdwlvhg dw
wklv srlqw iru doo  5 Ef> o dqg iru doo   f=
Qh{w frqvlghu vrph o 5 i2> ===> q j>  5 Ef> o>   f dqg d erxqgdu| srlqw
Y ' Ef>    > f/Yo>    > Yq3>  5 G vxfk wkdw Yo A f= Lw lv fohdu wkdw Z> lv
qrw glhuhqwldeoh dw Y= Wdnh vrph % vxfk wkdw f ? % ? Yo@2 dqg frqvwuxfw wkh
iroorzlqj wzr glvwulexwlrqv=
X ' Ef>    > f> Yo  %> Yon>    > Yq3> 
\ ' Ef>    > f> %> Yo  %> Yon>    > Yq3> 
Fohduo|/ EX ? EY > dqg
qS
l'
Xl ?
qS
l'
Y l = Wkxv Z> vdwlvhv SDU dw Y= Dovr/
lw lv wkh fdvh wkdw EY  ' E\  zkloh
qS
l'
\ l A
qS
l'
Y l dv wkh ixqfwlrq
qS
l'
[l lv
Vfkxu0frqfdyh iru doo   = Wkxv Z> dovr vdwlvhv HTXDO dw Y=
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Qrz frqvlghu wkh qdo fdvh/ wkdw ri wkh wzr erxqgdu| srlqwv A dqg B ri G=
Wkhq/ iru f ? % ?  frqvlghu D ' Ef>    > f> %>  dqg E ' E  %> >    > = Lw lv
fohdu wkdw A lv d SSW ri D zkloh E lv d SSW ri B= Dovr/ iru doo  5 Ef> o dqg
iru doo   f zh kdyh wkdw Z>EA  Z>ED zkloh Z>EB  Z>EE= Wkxv
Z>E= vdwlvhv SDU dw A dqg B=
Ilqdoo|/ qrwh lq wkh oljkw ri Sursrvlwlrq 516 wkdw EB ' D> EA ' / dqg
ixuwkhupruh wkdw 	ED ' B dqg 	E ' A= Lq idfw/ A lv wkh xqltxh glvwulexwlrq
[ vxfk wkdw E[ ' > dqg olnhzlvh B lv wkh xqltxh glvwulexwlrq [ vxfk wkdw
E[ ' D= Wkxv iru doo  5 Ef> o dqg iru doo   f> HTXDO krogv wulyldoo| dw A
dqg B= 
<1 Uhihuhqfhv
Dexo Qdjd U1 dqg W1 \doflq +533;,= Lqhtxdolw| Phdvxuhphqw iru Rughuhg Uh0
vsrqvh Khdowk Gdwd Mrxuqdo ri Khdowk Hfrqrplfv 5:/ 494704958=
Doolvrq U1 D1 dqg Irvwhu M1 +5337,= Phdvxulqj Khdowk Lqhtxdolwlhv Xvlqj
Txdolwdwlyh Gdwd/ Mrxuqdo ri Khdowk Hfrqrplfv 56/ 83808571
Dohvlqd D1/ U1 Gl Whood dqg U1 PdfFxoorfk +5337,=  Lqhtxdolw| dqg Kdsslqhvv=
duh Hxurshdqv dqg Dphulfdqv GlhuhqwB Mrxuqdo ri Sxeolf Hfrqrplfv ;;/ 533<0
53751
Dsrxh| E1 +533:,= Phdvxulqj Khdowk Srodul}dwlrq zlwk Vhoi0Dvvhvvhg Khdowk
Gdwd/ Khdowk Hfrqrplfv 49/ ;:80;<71
Dwnlqvrq D1 +4<:3,= Rq wkh Phdvxuhphqw ri Lqhtxdolw|/ Mrxuqdo ri Hfr0
qrplf Wkhru| 5/ 5775961
Erpplhu D1 dqg J1 Vwhfnory +5335,= Ghqlqj Khdowk Lqhtxdolw|= Zk| Udzov
Vxffhhgv zkhuh Vrfldo Zhoiduh Wkhru| Idlov/ Mrxuqdo ri Khdowk Hfrqrplfv 54/
7<:08461
Fkdnudyduw| V1 dqg F1 ]rol +5345,= %Vwrfkdvwlf Grplqdqfh Uhodwlrqv iru Lqwh0
jhu Yduldeohv%/ Mrxuqdo ri Hfrqrplf Wkhru| 47:/ 466446741
Frzhoo I1 dqg H1 Iodfkdluh +5345,= Lqhtxdolw| zlwk Ruglqdo Gdwd/ Pdqx0
vfulsw1
Gdyh| E1 dqg K1 Sulhvwoh| +5335,= Lqwurgxfwlrq wr Odwwlfhv dqg Rughu/ Fdp0
eulgjh Xqlyhuvlw| Suhvv1
Huuh|jhuv J1 +533<,= %Fruuhfwlqj wkh Frqfhqwudwlrq Lqgh{%/ Mrxuqdo ri Khdowk
Hfrqrplfv 5;/ 8378481
Ironpdq M1 dqg G1 Ixonhuvrq +4<9<,= % Hgjh Frorulqjv lq Elsduwlwh Judskv%/ lq
Ervh U1 dqg W1 Grzolqj hgv1 = Frpelqdwruldo Pdwkhpdwlfv dqg lwv Dssolfdwlrqv/
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Fkdsho Kloo/ Xqlyhuvlw| ri Qruwk Fdurolqd Suhvv1
Lqwhuqdwlrqdo Irrg Srolf| Uhvhdufk Lqvwlwxwh +4<<:,= %Hj|sw Lqwhjudwhg Krxvh0
krog Vxuyh| +HLKV,= 4<<: Ryhuylhz dqg Ghvfulswlrq ri Yhuvlrq 6 Gdwd Ilohv%/
Pdqxvfulsw1
Mrqhv D1/ Q1 Ulfh/ V1 Urerqh dqg S1 Urvd Gldv +5344,=  Lqhtxdolw| dqg Sr0
odul}dwlrq lq Khdowk V|vwhpv Uhvsrqvlyhqhvv= d Furvv0Frxqwu| Dqdo|vlv/ Mrxuqdo
ri Khdowk Hfrqrplfv 63/ 94909581
Nrexv P1 dqg S1 Pl­rv +5345,= %Lqhtxdolw| Ghfrpsrvlwlrq iru Srsxodwlrq
Vxejurxsv% Mrxuqdo ri Khdowk Hfrqrplfv 64/ 480541
Pduvkdoo D1/ L1 Ronlq dqg E1 Duqrog +5344,= Lqhtxdolwlhv= Wkhru| ri Pdmrul}d0
wlrq dqg lwv Dssolfdwlrqv/ Qhz \run/ Hovhylhu1
Vkruurfnv D1 +4<;6,= %Udqnlqj Lqfrph Glvwulexwlrqv%/ Hfrqrplfd 83/ 604:1
Vwhyhqvrq E1 dqg M1 Zroihuv +533;,= Kdsslqhvv Lqhtxdolw| lq wkh Xqlwhg
Vwdwhv/ L]D glvfxvvlrq sdshu 69571
Zruog Khdowk Rujdql}dwlrq +5343,= Joredo Gdwdedvh rq Erg| Pdvv Lqgh{/
kwws=22dssv1zkr1lqw2epl2lqgh{1mvsBlqwurSdjh@lqwurb61kwpo1
]khqj E1 +5344,= D Qhz Dssurdfk wr Phdvxuh Vrflrhfrqrplf Lqhtxdolw| lq
Khdowk/ Mrxuqdo ri Hfrqrplf Lqhtxdolw| </ 88808::1
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